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REMARK ON A PAPER
BY IZADI AND BAGHALAGHDAM
ABOUT CUBES AND FIFTH POWERS SUMS
Gaku IOKIBE
Abstract. In this paper, we refine the method introduced by Izadi and













3 . We show that the Diophantine equation
has infinitely many positive solutions.
1. Introduction
In [2], Izadi and Baghalaghdam consider the Diophantine equation:


















where n,m ∈ N ∪ {0}, a, b 6= 0, ai, bi are fixed arbitrary rational numbers.
They use theory of elliptic curves to find nontrivial integer solutions to (1).












and obtain integer solutions, for example:
85 + 65 + 145 = (−110)3 + 1243 + 143,
1281225+(−79524)5+485985 = 3592275803+(−251874598)3+1073529823 .
However, no positive solutions are presented in their paper [2]. In this paper,
we refine their method to find positive solutions to (2).
Consider the Diophantine equation (2). Let:
(3)
{
X1 = t+ x1, X2 = t− x1, X3 = αt,
Y1 = t+ v, Y2 = t− v, Y3 = βt.
Then we get a quartic curve:












with parameters x1, α, β ∈ Q. If we get a rational point (t, v) on C, we
can compute a rational solution to (2) (see [2]).
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Once we obtain rational solutions to (2), we can obtain integer solutions
by multiplying an appropriate value to Xi, Yi. In the same way, in order
to obtain solutions in positive integers, it suffices to search positive rational
solutions to equation (2).
2. Additional Requirements for Positive Solutions
Suppose that a positive rational solution (Xi, Yi)1≤i≤3 to (2) is obtained
from a given point (t, v) on the quartic C.











A rational point (t, v) on the curve C : v2 = F (t) in (4) produces a positive
rational solution to (2) by (3) if and only if
(5) α, β > 0, 0 ≤ F (t) < t2, t > |x1|
hold.
Proof. If Xi and Yi are positive in the solution in the form (3), we have
t = (X1 +X2)/2 > 0, α = 2X3/(X1 +X2) > 0 and β = 2Y3/(Y1 + Y2) > 0.
For (t, v) ∈ C, one has that 0 ≤ v2 = F (t) < v2 + Y1Y2 = t2. It follows
from x21 < x
2
1 + X1X2 = t
2 that t > |x1| for t > 0. Conversely, suppose
the inequalities in (5) hold. Then the given point (t, v) on C satisfies v2 =
F (t) < t2. This and (5) immediately imply Xi, Yi > 0 in (3). 













Then a, b, c satisfy b2 − 4ac > 0 and b < 0 if and only if there exists a real
number t such that F (t) < t2.
Proof. Let F̃ (t) = F (t)−t2. Since F̃ (0) = 5x4
1
/3 ≥ 0, and in this case a > 0,
it is easy to see that the following conditions are equivalent to each others:
(i) There exists a real number t such that F (t) < t2.
(ii) The equation F̃ (t) = 0 has four distinct solutions.
(iii) The quadratic equation ax2+bx+c = 0 has two distinct non-negative
solutions.
(iv) The discriminant D = b2 − 4ac of the quadratic function f(x) =
ax2 + bx + c is positive, and the axis of the quadratic function −b/2a is
positive, and f(0) ≥ 0.
The condition (iv) holds if and only if “b2 − 4ac > 0 and b < 0”, since
a > 0 and f(0) = c = 5x4
1
/3 ≥ 0. 
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Let us first search parameters (x1, α, β) such that
0 < α, β, b < 0 < b2 − 4ac
with a, b, c given by (6) and such that the quartic curve C of (4) has at
least one rational point. Note that these are necessary to satisfy conditions
of Proposition 2.1, 2.2. Then, the curve C is birationally equivalent to an
elliptic curve E over Q. If E has positive rank, then C has infinitely many
rational points.
Let (x1, α, β) = (2, 1, 16). Then the quartic:









has a rational point (t, v) = (44, 760). By T = t− 44, we transform C into
C ′ : v2 =
1
2







which is birationally equivalent over Q to the cubic elliptic curve (see [5,
Theorem 2.17], [2]):
E : y2 +
41789
285
xy +133760y = x3 − 76876021
324900














2 · 760 .
Using the Sage software [3], we find that the cubic curve E is an elliptic


















We now consider the subset
C0 =
{
(t, v) ∈ C | 0 ≤ F (t) < t2
}
⊂ C















































If a point (t0, v0) on C satisfies a1 ≤ t0 ≤ a2, then (t0, v0) lies on C0. We now
make use of the composition law of points on the elliptic curve E. Since E
has positive rank, we can test infinitely many rational points of E till finding
a point (t0, v0) on C0. We find that the rational point








































Next we shall prove that the Diophantine equation (2) has infinitely many
positive solutions. The real locus of elliptic curve E(R) can be regarded as
a compact topological subspace of complex projective variety E.
Lemma 3.1. If the rank of elliptic curve E over Q is positive, every point
of E(Q) is an accumulation point in E(R).
Proof. Since E(R) is a compact topological group, and E(Q) is an infinite
subgroup of E(R), there is at least one accumulation point of E(Q) in E(R).
The group operations are homeomorphisms from E(R) to itself. Therefore
all points of E(Q) are accumulation points of E(R). 
Theorem 3.2. The Diophantine equation (2) has infinitely many positive
solutions.
Proof. The part of C0 has one rational point (t0, v0) which corresponds to the
above point Q. By Lemma 3.1, the point Q is an accumulation point of E(Q)
in E(R), and (t0, v0) is that of C(Q) in C(R). Thus the part of C0 includes
infinitely many rational points. Since 2 = |x1| < a1 = 36.59635926..., they
correspond to positive rational solutions to (2). 
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In the same way, we can obtain a rational or positive rational solutions of
it. For example, let x1 = 10, β = 18. Then the quartic curve:
C : v2 =
1
3
t4 − 639t2 + 50000
3
has a rational point (t, v) = (−5, 30) and can be regarded as an elliptic curve
over Q that has rank 2. It is birationally equivalent to:
E : y2 +
1867
9
xy − 400y = x3 − 3676525
324
x2 − 1200x + 367652500
27
.
From this, we can compute positive rational solutions to (7). For example,





























The case of β = 0 will be discussed briefly in 5.2 below.
5. Parameters (x1, α, β) from Trivial Solutions
5.1. There are several trivial solutions; for example:
15 + 15 + 15 = 13 + 13 + 13.
We call solutions to (2) which consist of 0, ±1 trivial. We are going to check
some of them to search integer (or positive) solutions.
A solution to (2) may decide parameter. For example, when Xi = Yi = 1
(i = 1, 2, 3), we get (x1, α, β) = (0, 1, 1). Then:







has a singular point (t, v) = (0, 0)and can be parametrized by one parame-
ter. Let us divide both sides of C by t4 and substitute s, w for 1/t, v/t2
respectively. Then:






has a rational point (s,w) = (1, 0). Hence we can parametrize rational





























































where k = 2. Since X1 = X2 = X3 = Y3, this solution also gives positive




it satisfies X1 +X2 +X3 = Y1 + Y2 + Y3 because α = β.
5.2. From another trivial solution:
15 + 05 + 05 = 13 + 03 + 03,
we can derive parameters (x1, α, β) = (
1
2
, 0, 0). Then:




























over Q and has rank 1. Hence we can apply the method of Section 3 to








as a special case of (2) with X1,X2, Y1, Y2 > 0, X3 = Y3 = 0 (where α =
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5.3. There exists one more parameter with β = 0, (x1, α, β) = (0, 0, 0),
which is derived from the trivial solution:
15 + 15 + 05 = 13 + 13 + 03.
Then the rational points on:
















































The solutions which are obtained in these ways give solutions to another
Diophantine equation 2X5 = Y 31 + Y
3
2 .
5.4. It is not simple to find parameters (x1, α, β) that produce elliptic
curves for non-trivial solutions (Xi, Yi)1≤i≤3. In particular, the author could
not find a good parameter for β = 0, α 6= 0:
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